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1. INTRODUCTION AND STATEMENT OF RESULTS 
Let G be a tinite group with a BN-pair, and let St denote the Steinberg 
character of G. In [ 1 ] Curtis showed that St has an expression as an alter- 
nating linear combination of permutation characters, induced by the action 
of G on the cosets of the parabolic subgroups. Solomon had already 
demonstrated in [7] the homological nature of such an alternating sum for 
the Weyl groups. In [9] he obtained a similar homological interpretation of 
St via the action of G on the top homology of the Tits complex. Solomon’s 
proofs in [ 71 are somewhat sketchy; rather more complete proofs can be 
found in [5, Appendix II]. 
Let W be the Weyl group of G and let {w, ,..., wn} be a set of fundamental 
reflections generating W, and set R = {l,..., n}. Let Js R, let W, = 
(WjljEJ), and let l:, denote the permutation character of the action of W 
on the left cosets of W,. In [8] Solomon studies the virtual characters 
yJ= x (-1)‘K-J’ 1;,. 
JEK 
He proves a number of interesting results concerning the wJ’s, two of the 
most remarkable being that each v/J is an ordinary character of W and that 
C v/J (J c R) affords the regular character of W. These results pass on to the 
group G as follows. For J G R set PJ = BW,B and introduce the virtual 
character 
XJ = c (-1)‘K-J’ l$,* 
JGR 
where lgJ is the character of the permutation action of G on the left cosets of 
PJ. Because of the correspondence between the irreducible characters of W 
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and the irreducible constituents of 1: (see (3.1) below) one concludes that 
the virtual character xJ is actually an ordinary character, and that 1,” = C xJ 
(JE R). 
Our first objective is to obtain a homological interpretation of each of the 
characters xJ. We do this in Section 2 by defining certain subcomplexes A, 
of the Tits complex. The main result of Section 2 is that all of the nontrivial 
homology of A, occurs in the top dimension. This allows for a decisive use 
of the Hopf trace formula, resulting in the desired interpretation (see (2.10) 
below). This, in turn, gives a homology decomposition (see (2.11)) of the 
permutation representation affording 1:. 
In case G is one of the types A,, B, or C, we obtain more detailed infor- 
mation concerning xJ, at least for certain choices of the subsets J G R. Let 
the elements of R correspond to the nodes (from left to right) of the Dynkin 
diagrams 
o-o- . . . -0-o (A,), 
o-o- . . . --ozZro (B,, CA. 
Let k be a fixed integer, 0 < k < n - 1, and define subsets J= Jk, J’ = J;, by 
setting J = {k + 2, k + 3 ,..., n}, J’ = { 1,2 ,..., n - k - 1 }. We let rc denote the 
reflection character of G, with compounds zci), i = O,..., n, as defined by 
Kilmoyer in his thesis [6]; see also [4, Section 91. We show that if G is of 
type A,, then xJ = xJ8 = z(~+“. In Section 4 we assume that G is of type B, 
or C,, and study the double coset structure corresponding to pairs of 
maximal parabolic subgroups of W. This is necessary for the computation of 
the inner products Or,, x,,). We find that (xJ,xJ,) = 1 and so by [S, 
Theorem 41 we conclude that xJ and xJ, have rrckt ‘) as their unique common 
irreducible constituent. This motivates us to call the set of character pairs 
( hJ ; x,,)} a reflection sieve for G. In Section 5 we show that the characters 
xJ,xJ, are multiplicity free and we compute the inner products Cy,, x,) and 
0IP~X.v). 
In Section 6 we give, at least in principle, a construction of irreducible G- 
modules affording the reflection compounds x(~“). Finally, we give a 
topological interpretation, due to Curtis [2], of the G-Horn space 
corresponding to the character pair xJ, xJ,. 
2. THE TITS COMPLEX AND ASSOCIATED SUBCOMPLEXES 
In this section we assume throughout that G is a finite group with a BN- 
pair. We retain the notation of Section 1. In addition, we denote the maximal 
parabolic subgroups of G by Pci’ = P,, where J= R - (i). 
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Recall (see [5] or 191) that the Tits complex of G is a simplicial complex 
A which has as vertex set { gPcn 1 i = l,..., n, g E G}. A collection u of 
vertices is a simplex of A if and only if n u # 0, where the intersection is 
taken over those vertices contained in u. 
For any simplicial complex 0, let Hi(O) denote the ith homology space of 
0, with coefficients in the rational field Q. We have, for the Tits complex, 
that H,(d) N Q Hi(A) = 0 for l<ifn-2, and H,-,(A)-@Q 
(t summands), where t = [B: B n w,,Bw,] and w,, is the “opposition 
involution” of W. This result is due to Solomon [9] (see also (5, Appen- 
dix II 1). 
In this section we generalize Solomon’s result as follows. Fix J s R and 
define the subcomplex A, determined by the vertex set ( gPci) 1 i & J, g E G}. 
Thus A, is a k-dimensional subcomplex of A, where k = 1 R - JI - 1. Note 
that A, = d and that A, = 0. 
The main result of this section is the following. 
(2.1) THEOREM. If ) R -JI 2 2, then N,,(AJ) N Q, and Hi(A,) = 0 for 
1 <i,<IR-JJ-2. 
In order to prove (2.1) we need some additional definitions and notation, 
together with a few lemmas. A chamber in A is a simplex of dimension 
n - 1. We denote the set of all chambers in_ A by E. Note that for any JS R 
and for any C E @‘, there is a unique k-dimensional face in C n A,, where 
k = I R - J( - 1. The fundamental chamber is the chamber C, corresponding 
to the Bore1 subgroup B (i.e., C, is the simplex whose vertices are 
p(l) ,..., PC”)). If C E @“, we write d(C) for the minimal integer r > 0 for which 
there is a sequence C, = C,, C, ,..., C, = C of chambers such that for each 
i = O,..., r - 1, Ci and Ci+, share a common face of dimension n - 2. In 
general, any sequence of chambers Co,..., C, such that for each i = O,..., r - 1, 
ci# ci+l and Ci, C,,, have an (n - 2)-dimensional face in common is 
called a gallery. If C,, C, form a gallery, we say they are adjacent. The next 
two lemmas are proved in [5]. 
(2.2) LEMMA. Let C = gB with g= bwb’, b, b’ E B, w  E W. Then 
d(C) = l(w), where 1 is the length function on W. 
Next, let c be a simplex in A. We let T(o) denote the set of chambers that 
contain c as a face. 
(2.3) LEMMA. Let a be a simplex in A. Then there exists u unique 
C, E r(a) such thuf d(C,) < d(C) f or all C E r(a). Moreover, if C E r(u) 
and C, is us above, then there is a gallery Co,..., C, = C in r(u) such that 
d(Ci) = d(C,) + i, for i = 0 ,..., r. 
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We now define certain subcomplexes of A, as follows. For any integer 
h > 0 we let A,,, be the subcomplex consisting of all simplexes u in A, such 
that for some C E Z(u), we have d(C) < h. Let u be any simplex of A. If 
C E r(a), then there is a unique complimentary simplex uc characterized by 
C = r(a) n T(8). Now define the subcomplex A’j as that obtained by 
removing from A, any simplex u that satisfies the following condition: r(a) 
contains a chamber C such that if C, E T(6) and if C, is adjacent to C, then 
d(C) > d(C,). In other words, u E A; if and only if C E T(u) implies that 
d(C) is not a “relative maximum” over r(u’). Finally, we set Aj,h = 
A,0 n A,., . 
(2.4) LEMMA. Let o be a simplex in A and let C, E T(u) be the unique 
chamber as in (2.3). Let C E I(a) and let d(C) = d(C,) + r. Assume that 
there is a gallery C,, C, ,..., C, = C with d(Ci) = d(C,) + i, i = 0 ,..., r. Then 
Ci E r(u) for each i = O,..., r. 
Proof: Without loss of generality we may assume that C, = C,. Thus, if 
U, ,..., u, are the vertices of u, then 0 ui = Pk, for some K c R. By (2.3) 
there exists a gallery C, = CO, C’, ,..., C; = C in r(u) with d(C;) = i for each i. 
By (2.2) this corresponds to a sequence wj,,..., wj, in W, with Ci = 
bj wj,wjiml .a. wj,B, bj E B, i=O ,..., r, and where l(wji a.. wj,)= i. On the 
other hand, the gallery given in the hypothesis corresponds to a sequence 
~~;ljl(i’~:,~~ i. 
in W with Ci = bi wli e.. w,,B, bi E B, i = 0 ,..., r, and 
Thus we have Bwj, a.. wj,B = Bw,~ ... wt,B, forcing 
wj, .‘.. wj, = w,, *-- WI,. However, both are reduced expressions from which it 
is easy to prove that w ,,,..., w,, E W,. This forces each Ci E r(u), proving the 
result. 
(2.5) LEMMA. Let o be a k-dimensional simplex of A,, where k = dim A,, 
and let u’ be a (k - l)-dimensional face of u. Let C, E I(u’) be as in (2.3). If 
u0 is the unique k-dimensional face of C, contained in A,, then u0 is 
contained in A:. 
Proof. If u0 e A:, then there is some chamber C E r(u,) such that d(C) 
is a relative maximum over r(ut). Select a chamber c’ E r(u’) n r(ut) that 
is adjacent to C. Thus, for some integer r > 1, we have d(C’) = d(C,) + 
r - 1, d(C) = d(C,) + r. By (2.3) we may select a gallery in Z(u’) of length 
r - 1 from C, to C’. This gallery determines a gallery of length r from C,, to 
C. But since C,, C E r(u,) we have, by (2.4), that C’ E T(o,). Therefore 
C’ E f(a’) n r(uf) n Qu,) = C, a contradiction. 
(2.6) LEMMA. If u is a k-dimensional simplex of Ai,h - Aj,h-, , then u 
has a (k - 1 )-dimensional face contained in Ay,h _ , . 
Proof: Let C be a chamber in r(u) with d(C) = h. Let C, be a chamber 
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adjacent to C with d(C,) = h - 1. Then C, must meet u along a (k - 1) 
dimensional face 0’. We contend that u’ E A;,h _ 1. Now let C, E r(cr’) be as 
in (2.3). Clearly d(C,) < d(C’) < d(C). If we let uO be the unique k- 
dimensional face common to both C, and A,, then, by (2.5), u, E A:,hp i and 
uO has U' as a (k - 1)-dimensional face. 
(2.7) LEMMA. Let u be a k-dimensional simplex in AJ,h -A,,,-, , and 
assume that every (k - I)-dimensional face of u is in AJ,h-, . Let C, be the 
unique chamber in r(u) as in (2.3). Then there exist chambers 
c, 9 cz,..., c/(+ , in r(ucO) with d(Ci) < h for each i and such that Ci n u are 
the distinct (k - I)-dimensional faces of u, for i = l,..., k + 1. 
Proof. Let u’ be any (k - 1)-dimensional face of u, and let CL E Z(u’) be 
as in (2.3). Take a gallery CL ,..., CL= C, in r(u’) as in (2.3). Thus 
d(C;-,) = d(C,,) - 1 = h - 1. Moreover, CL-, meets u exactly along u’, and 
it is easily seen that C;-, E r(uco). Now repeat this argument for each 
(k - 1)-dimensional face of u. 
Remark. Note that the chambers C, ,..., Ck+ 1 as in (2.7) are precisely 
those chambers in T(uCo) adjacent to C,. 
(2.8) LEMMA. If u is a k-dimensional simplex of Aj,h - Aj,h-, , then u 
has a (k - 1)-dimensional face not in Aj,h- 1. 
Proof. If not, then u satisfies the hypotheses of (2.7). If C, E r(u) is as 
in (2.3), then by (2.7) together with the ensuing remark we see that d(C,) is 
a relative maximum over r(uco). By definition, this says that u & A’j, a con- 
tradiction. 
(2.9) LEMMA. Let u,, oz be distinct k-dimensional simplexes in Ayqh. If 
u’ is any face common to both u1 and uz, then IT’ is contained in Aj,h-, . 
ProoJ Let C, , C, be chambers containing ul, uz, respectively, as faces, 
and satisfying d(C,) = d(C,) = h. Thus C,, C, E r(u’). If u’ @ A,,,- i, then 
C, and C, both have minimal d-values over Z(u’), forcing C, = C, by (2.3). 
But then u, = uz, a contradiction. 
By (2.6), (2.8) and (2.9) we conclude that Aj,h-l is a deformation retract 
of AL for each positive integer h. Since, by (2.5), we have A:,, = C, n A,, 
we conclude that A: is contractible to a point. 
Now let ui, uz,..., us be the k-dimensional simplexes of A, - A’j. Let 
K, = A’j, K, = K,U {u,} ,..., K, = KS-, U {a,} = A,. By (2.5) we see that 
uj” Kj-, = tjji, the boundary of uj. From the Mayer-Vietoris long exact 
sequence for the pair (Kj-,, uj) we have that 
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is exact, as is 
0 -+ H,(K,- J -+ H,(KJ -+ 0, 
for 1 < i < k - 2. Since K, = A: is contractible to a point, we conclude that 
Hi(A,) = 0 for 0 < i < k. Obviously A, is connected, and so H,(A,) N Q 
thereby proving Theorem 2.1. 
An easy application of the Hopf trace formula yields the following. 
(2.10) COROLLARY. The character of the action of G on Hk(AJ) is xJ, 
where k=dimA,> 1. 
In order to obtain the homology decomposition of 1: we pass to reduced 
homology, which we denote by A,. Thus if k = dim A,> 1, then (2.10) 
remains valid for the spaces fl,(A,). However, if ]R -J] = 1, then A, is a 
finite set of points, and the character afforded by H,,(A,) is lFJ. However, the 
character afforded by jf,(A,) is lFJ- 1, =xJ. Finally, we note that 
H,(A,) N Q and affords the principal character 1, =xR. From [ 8, 
Theorem 21 and (3.1) (below) we have 
(2.11) COROLLARY. The permutation character 1,” is afforded by the 
direct sum of homology G-modules 
where k(J) = dim A,, J c R. 
3. REDUCTION TO THE WEYL GROUP 
We continue to assume that G is a finite BN-pair. If J E R, let v/~, xJ be 
the characters of W, G, respectively, as in Section 1. In order to infer certain 
properties of xJ from properties of vJ, the following result is useful (indeed, 
we have already used the result in (2.10) above). 
(3.1) THEOREM [4]. Let G be a finite BN-pair. Then there is a natural 
one-to-one correspondence between the irreducible character constituents of 
1: and the irreducible characters of the Weyl group W. Moreover, I$[ is an 
irreducible character constituent of 1:) corresponding to the irreducible 
character [,, of W, and if K c R, we have 
Recall that the set R = { l,.,., n) parametrizes the set {w, ,..., w,} of 
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fundamental reflections of the Weyl group W, as in Section 1. In case G is of 
type An, B, or C, we continue to assume that the elements of R correspond 
to the nodes of the Dynkin diagrams from left to right, as in Section 1. In 
the remaining cases, such a correspondence is not necessary. The maximal 
parabolic subgroups of W are of the form IIJ”(~) = W,, where J = R - {i), for 
i = l,..., n. Note that FV”) N W, x W,, for some subsets K, L G R. In case G 
isoftypeA,,B,orC,,wetakeK=(jERIj<i)andL={jERIj>i}. 
Define linear characters pi on l%‘(i) by 
Pi(Wj) = -1 if jEK 
= 1 if jEL, 
and define the monomial characters Ji on W by ai = (pi)“. Finally if IVi’ = 
W, x W, as above, and if 4 is a character of W, and 8 is a character of 
W,, we denote by 4 # 0 the character of wi’ = W, X W,~ . 
(3.2) LEMMA. Let W”’ N W, x W, as above. Then 
c$= c (-1)“’ lLIcJI. 
IGK 
Proof. We have 
2 (-1)“’ l& = c (-1)“’ 1;; 
IGK ( IEK ) 
W 
( 1 
W 
= 1 (-1)“’ lC# lwl = cpi)” = 6,. 
IEK 
For the next result we assume that G is one of the types A,,, B, or C,, and 
that the subsets J,J’ s R are as in Section 1. Let E be the alternating 
character of W. Let i E R, define the linear character pi on I@’ by setting 
pi = .spi,.and define 6: = (pi)“. 
(3.3) PROPOSITION. Let J, J’, di, 4 be as above, and let yJ, yJC be the 
characters defined as in Section 1. Then 
k+l 
1 + (-l)k wJ= 1 (-l)‘+’ 6i3 
i=l 
k+l 
1 + (-l)k VJ#= 1 (-l)‘+’ 8,-i+,. 
i=l 
Proof. We shall prove the first assertion, the second being obtained in a 
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similar fashion. The result is clearly true if J = R. Otherwise, write R = 
L u {k + 1 } U J (disjoint union), and let J,, = (k + 1) U J. Then 
v/J = x (-1)1X-J’ 1w WK K1.l 
= ‘i’ (-1)‘~~J’ ‘“w, + 2 (-I)“’ 1;,, 
Kzlo IEL 
=- \’ (-1)’ 
KTJ, 
K-Jo’ l;.+Bkfl=-V/J”+Bk+,. I 
The result follows easily by induction. 
We are now in a position to prove the results stated in Section 1 in case G 
is of type A,. 
(3.4) THEOREM. Let G be aJnite BN-pair of type A,, and let xJ and xJI 
be the characters of G given in Section 1. Then xr =xJr = 71’~+“, the 
(k + 1)st compound of the reflection character. 
ProojI If x0 is the reflection character of W with compound ~a+ “, then 
by [8, Theorem 41, ~6”“’ is a constituent of v/J = vJ,. Moreover, 
deg no (k+‘) = (i;:). On the other hand, we have, by (3.3), that 
deg wJ= (-Ilk z y1;: (-l)i+, (;)=(;;i). 
Thus 7rhk +‘) = yJ and so, by (3.1) we have r~(~+‘) =xJ=xJf. 
4. THE SIEVE PROPERTY 
Throughout this section we assume that G is of type B, or C,. From (3.3) 
we see that the inner products (vJ, v,,) can be computed provided we can 
compute the inner products (Si, 8:) in W. The basic tool in this case is 
Mackey’s formula. However, in order to apply Mackey’s formula we need to 
obtain the I@) - Pn double coset structure in W. This we do 
geometrically. 
Let K, be the simplicial complex with vertex set (f 1, $-2,..., H}. We say 
that (v, ,..., v,, ] is a simplex in K, if and only if i # j implies 1 vi) # 1 Vj I. We 
remark that if C is the Coxeter complex of W and if Sd(K,) is the 
barycentric subdivision, then Z and Sd(K,) are simplicially isomorphic. We 
do not require this fact, however. The action of W on K, is determined as 
follows. Identify W with the group Z,) Sym(n), the group of “signed” 
permutations on n letters. We may take a set of fundamental reflections of W 
481/73/2-I8 
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to be {(12), (23),..., (n n - I), (-n)). Thus, for example, I@‘) is the stabilizer 
of the vertex 1 in K,, and IV(n) is the stabilizer of the (n - l)-simplex 
{1,2 )...) n}. 
Now assume that i, j < 12 are fixed with i < j. Then the elements of the 
double coset space W”‘\W/w(j) are in one-to-one correspondence with the 
W”‘-orbits in the set Qj of (j - 1)-dimensional simplexes in K,. These orbits 
can be described as follows. Let PCi) c Qj be a W”‘-orbit in Qj. Let u = 
{k, 9 k 2,..,, kj} E Pci), and set 
Let 
Then one can check that the cardinalities (mrr,il, /(~,,~l depend only upon the 
orbit PCi), and not upon the particular representative cr E (cati’. Moreover, if 
u, u’ E Gj, then u and u’ are in the same W”‘-orbit if and only if Im,,il = 
I mc7’,i I and Iav,iI = Iao~,il* 
Now let PCi) be a I@‘-orbit in Qj. Let m = I m,,il, a = I a,,il for some 
u E PCi). Then by the above description of the M/“‘-orbits, PCi’ has a 
representative of the form 
u’ = { -( 1 + h), -(2 + h),..., -(a + h), a + h + I,...) j + h}, (4.1) 
where h = i - m. Notice that the stabilizer in W of u’ contains the parabolic 
subgroup W,, where 
K=R - {rh,rh+a,rh+j}. (4.2) 
Next, let u = (1, 2 ,.,., j}, and let w = (1 2 ..a (h + j))” (-1)(-2) ..e (-a), a 
product of “signed cycles” in W. Note that wu = u’ and so W, < )I’W’j’ = 
ww(Aw- 1 3 with K as in (4.2). Let p E K. If w,” = W-‘wPw, we have 
w; = w”-p if p<h 
=W P-h if h<p<h+j 
=w P if p < h + j. 
Therefore, if pJ is the linear character of w(j) defined in Section 3, we have, 
for p E K, that 
(“pj’)(w,) =pj’(wpw) = -1 if p<h 
= 1 if h<p<h+j (4.3) 
= -1 if p>h+j. 
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(4.4) PROPOSITION. Let Wi’, Wj’ be maximal parabolic subgroups of 
W = W(B,), as above, and let pi, pJ denote the linear characters of 
Wi’ Wj’, 
(Si) b;., = 0. 
respectively, as in Section 3. If i + j # n, n + 1 or n + 2, then 
Proof. By Mackey’s theorem, 
the sum taken over a set of Wi) - w(j) double coset representatives. In order 
to analyze a typical term (pi, “pj), we may assume that the element w is 
determined by the I@-orbit representative (T’ as in (4.1). Thus 
@i) n wpf,dj) > w K, where K is as in (4.2). But, from (4.3), it is easy to 
check that if’(pi,n’p(i)WKfO, then h+j=n, and i=h,h+ 1 or hf2, as 
required. 
By arguing as above one can show that if i + j = n + 1, then (Si, Sj) < 2, 
and that if i + j = n or n + 2, then (Si, 8:) < 1. That these upper bounds are 
attained is established next. Recall that XC), i = 0, l,..., n, denote the 
reflection compound characters of W. 
(4.5) PROPOSITION. For i = l,..., n, 
6, = I zt(i- 1) 0 + #) 0 + 0 3 sl,-i+, = 7-p + ?rb” + 8’, 
where 0, 8’ are characters of W with (9, z;“‘) = (t?‘, 7~:~‘) = 0, p = O,..., n. 
Proof. By [5, Theorem 41 we have 
where [ is a character of W with ([, r$“) = 0, all p. But then the result 
follows from Proposition 3.3, using induction on i. The corresponding result 
for Sk _ i+ 1 follows analogously. 
The following is immediate. 
(4.6) COROLLARY. We have, for 1 < i, j < n, that 
(Si, 6;) = 0 if i+j#n,n+l,n+2 
=l if i+j=n,n+2 
= 2 if i+j=n+ 1. 
(4.7) THEOREM. Let G be a finite BN-pair of type B, or C,, and let 
xJ, xJ, be as in Section 1. Then xJ, xJ8 have a unique common irreducible 
constituent, viz., the reflection compound 7~~~’ ‘). 
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Proof. That #+ ‘) is a constituent of xJ and of xJ, follows from (3.1) 
together with Solomon’s result [5, Theorem 41. Thus, by (3.1), we need only 
show that (w,, v,,) = 1. From (3.3) and (4.6), we have 
(v,, v/J,> = (1 + (-l>k VJ, 1 + (-Ok v.J,> - 1 
ki I 
= x (-l)i’j(Si, s,,-,+,) - 1 
i,j= I 
k+l k+l ktl 
= ,Tl Csi7 4-i+1> - ,T2 CsiT g-i+*) - x CsiT K-i> - 1 
i=l 
=2(k+ 1)-k-k- 1= 1. 
5. THE CHARACTERS xJ, xJS ARE MULTIPLICITY FREE 
In this section we prove that the characters xJ,xJ, are multiplicity free, 
and we compute the inner products Cr,, x,) and &, x,,). As we have 
observed in Section 3, this is already settled in case G is of type A,. Thus, 
we assume that G is of type B, or C,. 
Let i be fixed, 1 < i < n, and let 52, denote the set of (i - l)-dimensional 
simplexes in K,, as in Section 4. The W-orbits in Ri x Oi are called orbit&, 
and are in a natural one-to-one correspondence with the elements of the 
double coset space W”‘\W/W”‘. More precisely, if we let u = (1, 2,..., i),then 
every orbital xCi) has a representative of the form (wa, u) for some w E W. 
Note that if (o’, a) E J?), then we may assume that u’ is as in (4.1). But then 
one easily checks that there is an involution w’ E W such that w’u = u’. In 
other words, every double coset Wi’wWi contains an involution. This is 
important in what follows. 
Let e, denote the idempotent 
ei = ) WC”)-’ 2 p,(x-‘)x E QW (x E W”‘). 
Thus, the character di = Qi) w is afforded by the left W-module Q Wei. 
Moreover, it is well known (see [3, Theorem 1.11) that Ji is multiplicity free 
if and only if the centralizer ring Ei = eiQWei is a commutative algebra. 
We describe a Q-basis in Zi as follows; see [3, Theorem 2.21. Let W= 
u Wi)Uj Wi), and let I be the set of those indices j for which pFi = pi on 
Wi) n v,: iWi)uj. By the above discussion, we may assume that each Uj, 
i E I is an involution. For each j E 1, let ind vj = [W”‘: Wi’ n vi Wi)vj]. 
Then if ,LIj = (ind bj) eiujei, we have that {,O,]j E I} is a Q-basis for Ei. For 
each j E 1, set Dj = w(“vj wi). If 
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we have that 
‘jkl = 1 w(i)1 ~bj<w)Pk(W-‘U,), (5.2) 
the sum taken over w E Din u,D;’ (see 13, Theorem 2.21). Note, finally, 
that since pi is integer (and hence real) valued, we have that j?,(w) = jIj(w-‘) 
for all w E W. 
(5.3) PROPOSITION. The characters di, 1 < i < n, of W are multiplicity 
free. 
Proof. From (5.1) and (5.2), it suffices to prove that the structure 
constants satisfy ujk, = akj,. We have 
(w E Djnu,D;‘) 
=Iwi’I~_:j(w-‘)pk(W-lUJ (VI W E VI Dj n Dk) 
proving the result. 
(5.4) COROLLARY. Let xJ, xJr be as in Section 1, and let G be of type B, 
or C,. Then xJ and xJS are multiplicity free. 
Proof: By (3.1) it suffices to prove that the characters v/~, wJj are 
multiplicity free. By (3.3) we have 
kfl 
1 + (-l)QUJ= x (-l)‘+‘&= - ( l)kdk+l f 2 (-I)‘+’ 6, 
i=l i=I 
= (-l)k i&+ ( + 1 = (-l)k-’ VJ,, 
where JO =JU (k + 1). Thus, 
%==k+I-%I,* (5.5) 
Since a,+ r is multiplicity free, and since wJO is an ordinary character, we 
conclude that vJ is multiplicity free. Similarly, vJ, is multiplicity free. 
Note that since vJ is an ordinary character, (5.5) implies that 
(5.6) 
550 DAVID B. SUROWSKI 
Finally, we mention that by counting the double cosets Dj, j E I as above, 
one obtains 
(Si, Si) = 2i + 1 if i<n 
=nt-1 if i = n. 
(5.7) 
(5.8) THEOREM. Let xJ, xJ, be as in Section 1 and let G be of type B, or 
C,. Then ifJ, J’ # 0, 
(a) Cc,, x,1 = k + 2, 
(b) b,x.,,>=n-k. 
ProoJ: As usual, we prove the corresponding results for the characters 
vJ, v~, of W. For notational simplicity, we shall write I18]j2 in place of the 
inner products (0,19). Note that 6, contains the principal character 1 ,,, exactly 
when i= 1. From this observation, together with (3.3), we have that 
where JO = JU {k + 1). But then, by (5.6) and (5.7), we have that 
11 Kli2 = 11 V’J,II~ - 2 IIV’.I,II~ + lid,+ I iI2 = k + 23 
proving part (a). Part (b) is proved analogously. 
6. CONCLUDING REMARKS 
Let J, J’ be as in Section 1 and let A,, A,, be the simplicial complexes 
defined in Section 2. Then, as Theorem (4.7) indicates, 
dim HomG(Hk(A,), Hk(AJs)) = 1. 
Thus, if 0 # G[ E Hom,(H,(A,), I-Zk(AJ,)), and if M = aH,(A,) G Hk(AJr), then 
M is an irreducible G-module affording the reglection compound character 
rrck+‘) of G. Unfortunately, this construction of A4 is not very explicit and is 
probably useless for computing such things as character values. 
Finally, we give a topological interpretation of Theorem (4.7), due to 
Curtis [2]. Because of the various technical considerations in [2], we shall 
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work with the simplicial complexes X, = Sd”‘(d,), X,, = Sd’2’(d,,), where 
Sd”’ denotes second barycentric subdivision. Let X, X X.,$/G denote the 
quotient complex determined by the diagonal action of G on X, x X,,. An 
easy extension of Proposition 1.7 in [2] yields, for each p > 0, that 
ff,(X., X X,,,/G) E 6 Hom,(ffj(X,), Hp-j(XJ,))* 
j=O 
Therefore, if IX, x X,,/G( is the underlying topological space of X, X X,(/G, 
then )X, x X,,/G / is homologous to the Zk-sphere. 
Notes added in proof. 1. The author has recently learned that R. P. Stanley has obtained 
the complete decompositions of the characters w,, for any J&R, in case W is of type A,, B, 
or C,, in ‘Some aspects of groups acting on finite posets,” to appear in J. Comb. Theory. 
2. The author has obtained an explicit construction of the endomorphism a mentioned in 
Section 6. Details will appear elsewhere. 
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